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Problems in Astrophysics:
Coherent Synchrotron Radiation, Two-Stream 

Instability, Cyclotron Maser Instability etc.

Problems in Beam Physics:
Coherent Synchrotron Radiation, Two-Stream 

Instability, Cyclotron Maser Instability etc.



Rigid rotor equilibrium

cylindrical symmetry
small thermal energy spread
external magnetic field in the z-direction
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Consider the following equilibrium distribution

f 0(H,Pθ) = N0δ(Pθ −P0)exp
(
−H−γ0mec2+eφ̄0

σ

)



• For which parameters does an arbitrary 
initial perturbation grow?

• What is the growth rate?

• How big is the saturation amplitude and 
the radiated power? (Linear analysis is not 
sufficient to answer these questions.)

Linear Stability Analysis



• Goldreich and Keeley 1971 (1 dimensional)

• Heifets and Stupakov 2002 (1 dimensional 
with particles moving on different orbits)

• Byrd 2003 (1 dimensional with beampipe)

• Uhm, Davidson et al. 1985 (2 dimensional, 
no betatron oscillations, beam pipe, 
different equilibrium etc.) 

Previous Work







Vlasov-Maxwell Equations

(
∂
∂t + v· ∂

∂r + dp
dt · ∂

∂p

)
δ f = Dδ f

Dt = e(δE+ v×δB) · ∂ f 0

∂p

To first order in the perturbation amplitude the Vlasov 
equation is 

We also need the Maxwell equations and

vθ = pθ
me

(
1 + p2

r +p2
θ

m2
ec2

)−1/2
v⊥ = p⊥

me

δρ =
R

d3 pδ f δj =
R

d3 pvδ f

All perturbed quantities have the dependence eimφ+ikzz−iωt



Finally, ...

... the following eigenvalue equation can be obtained

which can be rewritten in terms of the following three 
dimensionless quantities
γ = H0

me
vth =

√
σ

H0
ζ = 4πen0vφ0r0vth

√
π/2

Be
z

Boundary conditions:
The perturbation in the electric field should be regular at 
the origin and approach zero for r→∞

(
1
r

∂
∂r r ∂

∂r − m2

r2 +ω2
)

δEφ(r) = 4πe2δEφ(r)n(r)
(m

r −ωrφ̇
) mφ̇2

H
r

(ω−mφ̇)2



Results in the thin limit

Growth rate for γ=30 and ζ=0.02

..
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Growth rate for γ=30 and ζ=0.02 including betatron oscillations
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Results in the thin limit
including betatron oscillations
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Inclusion of axial modes



Brightness Temperature
In linear perturbation theory  the exponential growth lasts 
forever.  We need the saturation amplitude in order to 
compute the brightness temperature, though.
For a relativistic particle  on a circular orbit (Lawson 1988)

Together with the previously calculated growth rates and

the saturation amplitude can be calculated

δPθ = me∗r2
0δφ̇ me∗ = −meγ3

γ2−1 ≈−meγ

dPφ
dt = −er

[
δEφ +(v× δB)φ

]

|δΦsat |2 =
(meγ3v2

φ)2

e2

(
Im(ω)

mφ̇

)4

Brightness Temperatures of 10    K can be achieved. 25



Power in arbitrary units
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Particle-in-cell simulation
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Total Power from OOPIC

vth

prediction

ζ = 0.01 γ = 30

ζ = 0.005 γ = 10



MHD

∂
∂t ρ+∇ · j = 0

[
∂
∂t +v · ∇

]
(γv) = 1

me
F

We solve the MHD equations for a Brillioun flow

Similar results for large growth rates
Significant decoherence for small growth rates 
due to additional shear



Thicker layers
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with Coulomb term without Coulomb term


